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FEYNMANDIAGRAMSINC0NDENSEDMATTE#

Quantum field theory is applied in all fields of

theoretical physics . Many similarities but problems
and techniques might also differ . Compare

high - energy physics ← condensed matter physics

zoo temperature finite temperature
F- o T76

few - particle problems ⇒ many -particle problems

eg .

e - e interaction in

I ¥ the presence of term sea
×

→ symmetry broken phases
like magnetism , superconductivity

Lorentz invariant ← Corbett invariance in

field theories general broken



REMINDER : GREEN FUNCTION AT T=0

-

IGlxt , x't ' ) = - i colt 14Gt) 4th't' ) ) 107-
with creation ( annihilation operator in the Heisenberg

representation th - e)

4kt) = eiht 4µg e
- int

44×4 = eiht 44×1 e
- int

and time- ordering operator

Alt) Blt
' ) if tst '

Tf AH) Batt') ) = {But Atty if tht
' and

A ,B fermionic

Blt') Alt) else

Glxt , x't't = - i lol 4Gt) 4th't ' ) Io) ⑦ (t-t
' )

- i got 4th't ') 4kt) 107 Ott ' -t )

with g =L - 1 fermions a = { ! if x > o
th bosoms xco



± amplitude of finding particle at position x at time t

after creating a particle at x
' at t '

x't 'XXt

equation of motion
-

:

example : free particle with Hamiltonian

H = fddx 4TH L - II - p) tix)
t chemical potential

wring Heisenberg equation of motion if4kt) = (4kt) ,HJ
and I 0ft) = 8ft) one can show ( exercise ]

-(idt t £ t p) Glxt , x't ') = 8 Cx - x' ) 8 It - t
'

)1-
-o spectrum w = KIN - p µ- p *
Tk



solution : Fourier transform

Glxtix't ' ) = fdfaiddfeikk-M-iwk-tle.ae
,
w,

-

.→ ((w - Eam tp ) Glu ,w) = I

-

solution for G requires regularization of the

pole at w -- Eau - µ

→ boundary condition for Gean function at t=t
'

GCK , t - t
') = - isol TL theft) 4th ' ) ) 107

with 4u4uT - Shittu = few

8 = L -f fermions
bosons J
-

⇒ Glue
,
to) = - i Lol Hutu I 07 =

I .÷÷:::¥:::÷÷:: I



with me : number of particles with momentum k in

the ground state

boso-u.es with peso ,
no Bose-Einstein condensation

-0 107 vacuum empty of particles -o un - o

⇒ fdqe-iwtgae.co) E:O {fi for t -not

for t -o o
-

single pole in the lower helf - plane
Tww

It..Glkiw) = - a| w - Eat prtio •

-

fermions 107 E Femi sea filled up to hit = Kp --Fpr
for µ

> O

→ na = 0 ( ke - tht)

J ¥0 e-
'
' wt

Gue ,w) → {
- i OH - tht ) for t -rot

i Olly - ful) for t -o o
-



pole structure depends on the magnitude of B

-

Gui ,w) =
-1| w - Eat µ ti o sap Viel - kp) /
-

d7mW

-o increasing ikI•••°#o Pew

for an empty Femi sea hf=0 for µ Go the

fermionic Green function coincides with bosonic one
.

Retarded Green function

TGRChow) = lwtio
- Eze t µ-

pole in the lower half plane
Few



Spectral weight

=Ah ,w) = - '

f
Tm Granny = 8(w - hat p)-

A- o

µ
Yataro"Ydion

yomggdihjodims↳
w whoactions

lifetime
A d ←s interacting

particles

transfer of spectral weight
-



APPUCATIONilMPURITYSCATTERINGHauiltou.am
th = Hot V8 Cx)

← local impurity
at X -o

Ho = - I
am
-

M

bare retarded Green function

Groans =
1-
Wto - wz tpr

spatial Fourier transform

GRocxiw3-Jd@dYdeiwGlu.w)
Full retarded Green function obey

T(w - te) Grlx , x. ; w) = 8h - x' )-
Ansett for full retarded Green function



Grand
,
w) = Gorcx - x' , w) t Groix ,w) Tow) Got-x' , w)
- - -

free propagation propagation propagation to
without scattering away from the impurity

the impurity

Solution for the T- matrix (exercise)
-

✓

|Tw3=%o I
corresponds to a geometric series
-

interpretation in terms of Feynman diagrams
X x

→ = 3- +
# t#t . . .

•

= - t↳

with T - matrix

% = It It E.II't . . .



= It sits = ¥
n - Ls

FINITE TEMPERATURE QUANTUM FIELD THEORY
-

The evolution operator can be expressed in terms of

a coherent state functional integral
-

Not't tf , ol i.ti ) = fool*Of exp lift!tfdx L ]T T
initial and find

&Hi) - fi

States of Hel = 4¥

in terms of the Lagrangian

TL = of idiot - Tello ,ol)-
Similarly ,

the partition function

2- = he { e
- PH g
← statistical operator p = Yt

inverse temperature (KB - t)



can be expressed in terms of functional integral

T/z -
- footof exp f- ftoaefddx L )
-

in terms of the imaginary time Lagrangian
-

L = 0%4 t telco) I-
Wick rotation iof→\ - i t -o t
-

boundary conditions due to the trace of 2- :

Glp) = S loco) with g = {y fanions
bosons

thomalcreenfmdion for free particles

- (Et Ez- p) Gl kit) = 8k )



Fourier transform on the finite interval OETE p
-

fue) = # In e-
iai
gluon)/ sina.se?eim-geu# /

Matsubara frequencies
-

with nez

wu , Jg
Gutt ) TT fermions

2 nTT bosons

-

⇒ fawn . I
-



DILUTE WEAKLY INTERACTING BOSE GAS
-

complex bosonic field Q with interaction no > O

←

TSIGHT -- f!do fddx L\ L = to
*

he) ( E - Eam - p ) #at) t I 1101*71
"

-

paradigmatic example for UN symmetry breaking

consider field. configuration homogeneous in time and space

olcxo) → to

action reduces to a potential for the mean field
-

( vid) = -

p loll
'
t E lol 14 /
-

spontaneous

ii.im ::÷
,
- - -

, fr> O
-



Self- energy in the non- condensed phase pro
-

bare Green function g.Ck wa) =
I

iwu- Ean t r

Dyson equation for the Green function

7- = 7- t →⑤=

reduces to an algebraic equation in frequency lcuoueutum

space

glkw;) = go lkwu) t go Hwa) Ilhwa) g Ck wa)
-

⇒ I g-
'

hewn) = got lawn) - Elk on) (
-

one- loop approximation for the self - energy

auf =

Io
t

talk on) = - Zuo tp Ew, go the
' wi )

independent of k and Wu



explicitly
-

:

summation

=In = - Zuo I tp In
+µ ooo Matsubara

frequencies

= 2u
. I nBILI - g)

( with Bose function NBK) = e÷ ]

= Zuo §d¥nyd Kd" Sd e¥¥y
Sdi surface of the d - dimensional unit sphere

for pro i 2-
a
= o at T=o ← no particles

in the ground
at finite T : state

renormalization of the chemical potential

-/ Melt ITI = p - In = p .
- u

.
Czmtdknfcepr )
-



where 441 = Lady [dx x# e×÷
one - loop approximation far the effective chemical

potential can be improved by evaluating In

with the tenormaligned Green function

→sdf-cousisteutoue-loopap-poximalioud.PT
/ Pdf IT) = p

- no Kmt)
"' yepPettit) ) /
-

Bose-Einstein condensation for prey (Te )
!
O

→ critical temperature 0 =p - no Hutt
"

411)
-

⇒ lTonr I



T phase diagram (d - 3)D

l ÷
"

Vertex corrections ( for pro )
-

consider renormalization of the interaction amplitude no

expand 2- up to second order : all connected irreducible

contractions that leave

¥1" =L! f-⇒ Jdtddx dttddx ' too external of and too
external ol legs

( Iho) 67*710474 txt) 014×1710*0't' ) 10K't ' ) lolx't ' ) to

any

÷ ITF#
particle - particle
channel



t particle -hole channel

*

¥.

t EEE t

8
+ ¥- I t IDE-E
each diagram with combinatorial factor 4

•
= Yahata•

It follows

⇐of
"

= It fdeddxdilddx ' (
cottontail? L- g. ex - x' it -a ))

'

y pp channel

+ Stout)& Kt) OTH't' 10K't ' )) . g. (x- x' it
' ) go Ix

'
- x it

'
-t) 16

ph channel
]



= - I fdtddxdtddx ' ( Stipp (x-x' et -t' ) lol" 42kt ') > o

t Stfu Ix- x' , t -t' ) s GTxtlolxt) GTX't ' ) lolx'i') >o )
oeuormalited vertices can be identified by re - exponentiation

vertex in the particle - hole channel
-

csrph ( x-x' co -o' ) = - YI 16 glx-x' co -t' ) g Cx' -x , t'- e)
(
J

8Pphlp . Rn) = - 4%2 pt En go hewn) folk - pi Wu - ru)

=
, , e

=

= 4%2 I
nrsl Em - p) - nos l÷P

"
-

p)
-

- ish - K -p
2M

in the dilute limit ppl⇒ L , pro , Stfu is

exponentially small n eBr



ADDLE.

Main idea for vertex corrections :

< e-
⇒
"

E n - zest 's.
.

thnx" x'so
O O
-

l
T

Csx
'

g
' x'so

= i - ta (u - Ecg2)Cx'sG
-

renovated Welt
vertex

= @
- Fax,

O



vekxiuthepqtick-poohiclechauuelerpplp.ru) =
- II 4 '

p Tewugcawwlgcp -k ,
ira- icon)

=
. . .
= up E nos LEI- r) - nod- P¥Itµ)
#

ish- f -little
Tu

t 2pm

in the dilute limit Ipp ID 1 , µ co ,
this reduces to

esrpplp ,rn) = u: I 1--
ish- Ck

-PA't tht PET
T

t 2pm

I
= af I-ish- Eater) Ind

mo -

energy of kinetic energy
centre ofman of relative motion

= iso G (r -- o , ish - P÷ut2p)
local Green function of relative

motion



renormalization of the interaction in the dilute limit

"elf = Uo t u! Glo) t Oluf )

± expansion of the exact two - particle T- matrix

up to second order
-

T =
b-|tuoG I

too in the dilute limit the interaction vertex given

by the summation of ladder diagrams in

the particle - particle channel

-

-

'

Ii + IIE t
. .

.

Is
yielding the exact two - particle T- matrix
=



other contributions we exponentially suppressed .

oeuormalitaliouaftheiuwadioysetoquawhuncn.li
catty i Tao and p-o o

-

-

vertex correction dominated by p - p channel

-
Stipp ( 0,0) = Uef In- =

Zou - E
m

A

yd - I÷÷÷;÷÷÷÷i
• C- p)
# else

perturbative correction is divergent for d E 2 !
-

""

M°^#b°←S#perturbation theory near quantum criticality
(T- o) is controlled as long as the effective|
dimension D= dtz > dot with the upper



critical dimension dat = 4
.-

where Z is the dynamical exponent .

for the critical Bose gas the critical Green function
-

g-
'
lkiwu) Ip. . = iwa - LI -a w - Kt

-

with 17--2-1
For a Lorentz invariant theory w n k

and 2- =L .
For D= 3 Lorentz invariant (massless)

theories are at their upper critical dimension and

logarithmic divergent in the IR at T- o
.

⇒ renormalization group treatment to sun-

up logarithmic divergencies .



THEORY OF SCREENING
-

In a Femi liquid the long - rage Coulomb

interaction is screened due to vertex corrections
.

Consider the electron - electron interaction

Say = fotdodxddxd ' IV.Cx- x' ) Ip,,4tlxt74tpcx'e) tplx 'e) 41×9
e
's

with the Coulomb intoaction Vfx-X' ) = -
IE -I' l

P x

r v Ix-x
' )¥mm

a

B

Fourier transform Volg) = 4%1
The vertex correction diagram of the particle - hole
-

--

drained

¥iiEinE¥¥I s



directly leads to a renormalization of the

Coulomb interaction vertex
retardation

1.
Thx-x' it - t' ) = Vo Ix - X') OG -t') t 8TH -x' it -t

'

)

Orix -x' it -i
') = - fdydddy ' 4 I- t ) 22K

A T
l T sum ooo

× (- fly -yie.it/f-focyi.y.i.eD
combinatorics , sous

fermion loop

Fourier transform

851g , ish) = 2 Hq)
'

p Eun Gokuwa) folk
-g. wa- rn)

= V'cop Ilg , ish)

with the polarization I I

-

(Thiru) = 22 tp Iwa p ÷9Ip
-

I



= a 'pEwai÷ - ¥¥Ip) -÷u¥It
= q

ft Em - r) - f- 1¥97 r)
• 2
-

isnt 4k¥
2M

with Ferri function f-Cx) = let
t 1

Effective vertex
-

| Ng ,rn) = Volq) t 4247519 ,rn) t . . . I
-

summation of the geometric series

¥ = Tmf t Jared t

+ You MIL t . . .

= yuh t Jurek

>me
=
-

1 - m•



⇒ / Third =

tqRn7
-

random phase approximation (RPA)

consider static limit 52=0 and I -00

IT 19 , o) = - 2 I Fl¥m-r)-f¥+p)
core
2M

EE: a E f. Ean - r) -

f
total density of States at

the Fermi level

⇒ In.÷÷÷÷÷i:÷/
-

Thomas - Fermi approximation

Coulomb potential transforms into a Yuliawa

potential with Thomas - Ferrari wavevector kite = 4Th



we

ealspa( thx) = f ftp.peikqgy = ¥, e-
kit"

-

screened Coulomb intoaction decays exponentially
-

on the length scale of 4k¥ .

THE COOPER INSTABILITY
-

phonons dress the e- e intoaction further . They
mediate an effective e- e into action that

becomes even attractive for small frequencies
phonons← ovoscreewiuy Faruqi

-a consider an effective attractive interaction

between electrons for frequencies Iw l
L WD

smaller than the Debye frequency
g.up
with g >o .



Vertex correction in the particle - particle channel
-

Stipp Ig , Ra) =

I

¥
= - of tp Iwa folk , now) Gola-k.ru- Wu)

=
• d n

= - ga E
them - r) • fl- 4¥'t p)
-

ish - (MILI - er)

consider the static limit R -- o and 9--0 , and

abbreviate Su = YI -p

Stp (ooo) = -

g
'

In flm-f-f.su
)

• 2.Su

- g
' Jds I SB - su) fB)-f

23
-

✓ ( g ) x Vo density of States
*

per spin at the
smooth -

l
Forni level

energy dependence



WD

= g
'
Vo fdg 1¥23

- WD

integral diverges logarithmically for T -o o !

-1/ 8Tpp loop = giro 2 f!% Ig = - given YI
-

Cooper logarithm

summation over geometric series 3 t IS t SIE t . .

Tpp lol O) = -81
- gr.lu TI

vertex diverges at the critical temperature
-

( To - w
. exp f- gto ]
-

I
⇒ superconducting instability
-



THE KONDO EFFECT
-

History '

1934 DeHaan
,
DeBoer

,
Vanden Bog (exp )

s d

¥ - - . . .

'
" 94493

#T

scattering from
Turin

static impurities

minimum in the resistivity of gold SCT)

1964 Kondo ( theory )

scattering of conduction electrons from a magnetic
Tk

impurity f→ Be
local

spin 112

evaluation of 8g due to magnetic impurities in

third order perturbation theory in In

→ explanation of Twin x Chimp)
"5



impurity concentration nimp .

BUT : perturbative expansion divergent for low

temperatures
-o characteristic Kondo temperature Tk
"
the Kondo problem

"

f-

1970 Anderson i one- loop renormalization group

1974 Wilson : numerical renormalization group (NRG)

1975 Motive : interpretation of strong - coupling
fixed point -o local Terni liquid theory

1980 Wiegman, Andrei i Bethe - Ansah-

paradigmatic model for a non - potvbaliveµ correlated many - body problem

The Kondo Hamiltonian
-

-

( H = E su Euocuo t I 55 /
-

Fermi sea of electrons



with J = In, Cia III Cup-1
5 : spin operator of the magnetic impurity at £ - o .

Perturbation theory for the Kondo model
-

pictorially i Khe Kondo vertex

B x

rap
"'re = ⇒ Eye §, = IE config

impurityor r

lowest order correction g
PIETTE

g propagating
B x B x

5- 7-

Grapes (w) = } } t Tf
- - - - - - -

-
-
- - - - -

8 8 ⑥ 8

= - I soso.IE Ei Eiht? ;÷w I
=
- Icsi sibs lilies ÷ P

- offs. god
with cutoff. A and Dos r



± - I csisiho. renew (EEP - xp)
-

=

'

q i Eiko:p * 2

=
. . .

= Jr lie f- Igg Iga
⇒ effective Kondo coupling
-

/ aw! = at Tv- Qu-1
increases for w -o o

breakdown of perturbation theory for Treu Fu n z
-

⇒ vwe/Tennexpf' I


